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0. Introduction and the main results
The Riemannian geometry of tangent bundles over Riemannian manifolds (M, g) had been classically related to the Sasaki
metric and other classical lifts of the base metric [22,29,43]. The second author and M. Sekizawa [30] have completely clas-
siﬁed what is now called Riemannian g-natural metrics on TM , using the concepts and methods developed by D. Krupka
[34,35] and Krupka–Mikolášová [36]. The idea and the concept of naturality is closely related to that of A. Nijenhuis [39],
D.B.A. Epstein [23], P. Stredder [45] and others. For the modern treatment of naturality, see the basic monograph by I. Kolárˇ,
P.W. Michor and J. Slovák [28] and the book by D. Krupka and J. Janyška [37]. For short presentations of the classiﬁcation
from [30] see [28, pp. 227–280] and [37, pp. 160–166]. Riemannian g-natural metrics on TM have been studied later system-
atically by the ﬁrst author and M. Sarih (cf. [1,6–9]). They proved in [8] that a sophisticated family of metrics constructed
by V. Oproiu [40–42], which has some interesting geometrical properties, form a non-trivial subclass of all Riemannian
g-natural metrics on TM . The well-known Cheeger–Gromoll metric treated in [38] and [44] is also g-natural (see also the
paper by Cheeger and Gromoll [21]).
W. Klingenberg and S. Sasaki [27] drew researchers’ attention to the study of unit tangent sphere bundles of Riemannian
manifolds equipped with the induced Sasaki metric. Many interesting results had been then published in this direction,
especially by D. Blair, E. Boeckx, L. Vanhecke, the second author, M. Sekizawa and others (see for instance [14–19,29–33]
and additional bibliography in these papers). Some of these results had been studied in the framework of contact geometry.
The metric considered in this situation is homothetic to the Sasaki metric, endowing the unit tangent bundle with a contact
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geometry of the unit tangent bundle can be found in [20].
Up to now, geometers are still interested on the geometry of the unit tangent sphere bundle endowed with the Sasaki
metric, especially in the framework of harmonicity (G. Wiegmink, C.M. Wood, O. Gil Medrano and others . . . ) [24,25].
Contact geometry and harmonic maps on (unit) tangent sphere bundles equipped by general Riemannian g-natural
metrics have been recently studied by the ﬁrst author, G. Calvaruso and D. Perrone (cf. [2–5]).
After having reviewed brieﬂy the previous research of many authors in the ﬁeld, we shall present our main result. When
(M, g) is the standard m-sphere Sm , with its standard Riemannian metric of constant curvature 1, then its unit tangent
sphere bundle T1Sm is diffeomorphic to the Stiefel manifold V2Rm+1 = SO(m + 1)/SO(m − 1) of orthonormal 2-frames in
Euclidean (m + 1)-space. By means of this diffeomorphism, we can give a characterization of homogeneous SO(m + 1)-
invariant Riemannian metrics on V2Rm+1 as Riemannian g-natural metrics on T1Sm . More precisely, we shall prove:
Main Theorem. The standard identiﬁcation of T1Sm with V2Rm+1 induces a bijective correspondence between the class of all homo-
geneous SO(m + 1)-invariant Riemannian metrics on V2Rm+1 and that of all Riemannian g-natural metrics on T1Sm. Both classes
depend on 4 parameters.
1. Basic formulas on tangent bundles
Let (M, g) be a Riemannian manifold and ∇ the Levi–Civita connection of g . Then the tangent space of TM at any point
(x,u) ∈ TM splits into the horizontal and vertical subspaces with respect to ∇:
(TM)(x,u) = H(x,u) ⊕ V (x,u).
If (x,u) ∈ TM is given then, for any vector X ∈ Mx , there exists a unique vector Xh ∈ H(x,u) such that p∗Xh = X , where
p : TM → M is the natural projection. We call Xh the horizontal lift of X to the point (x,u) ∈ TM . The vertical lift of a vector
X ∈ Mx to (x,u) ∈ TM is a vector Xv ∈ V (x,u) such that Xv(df ) = X f , for all functions f on M . Here we consider 1-forms df
on M as functions on TM (i.e., (df )(x,u) = u f ). Note that the map X → Xh is an isomorphism between the vector spaces
Mx and H(x,u) . Similarly, the map X → Xv is an isomorphism between the vector spaces Mx and V (x,u) . Obviously, each
tangent vector Z˜ ∈ (TM)(x,u) can be written in the form Z˜ = Xh + Y v , where X, Y ∈ Mx are uniquely determined vectors.
In an obvious way we can deﬁne horizontal and vertical lifts of vector ﬁelds on M . These are uniquely deﬁned vector
ﬁelds on TM . Each system of local coordinates {(U ; xi, i = 1, . . . ,m)} in M induces on TM a system of local coordinates
{(p−1(U ); xi, ui, i = 1, . . . ,m)}. Let X =∑i X i( ∂∂xi )x be the local expression in {(U ; xi, i = 1, . . . ,m)} of a vector X in Mx ,
x ∈ M . Then, the horizontal lift Xh and the vertical lift Xv of X to (x,u) ∈ TM are given, with respect to the induced
coordinates, by:
Xh =
∑
Xi
(
∂
∂xi
)
(x,u)
−
∑
Γ ijku
j Xk
(
∂
∂ui
)
(x,u)
, and (1.1)
Xv =
∑
Xi
(
∂
∂ui
)
(x,u)
, (1.2)
where (Γ ijk) denote the Christoffel’s symbols of g .
The canonical vertical vector ﬁeld on TM is a vector ﬁeld U deﬁned, in terms of local coordinates, by U =∑i ui∂/∂ui .
Here U does not depend on the choice of local coordinates and it is deﬁned globally on TM . For a vector u =∑i ui(∂/∂xi)x ∈
Mx , we see that uv(x,u) =
∑
i u
i(∂/∂xi)v(x,u) = U(x,u) and uh(x,u) =
∑
i u
i(∂/∂xi)h(x,u) .
The Riemannian curvature R of g is deﬁned by
R(X, Y ) = [∇X ,∇Y ] − ∇[X,Y ]. (1.3)
Now, we ﬁx an F -metric ξ on M , i.e., a mapping TM ⊕ TM ⊕ TM →R which is linear in the second and the third
argument and smooth in the ﬁrst argument. Then there are three distinguished constructions of metrics on the tangent
bundle TM , which are given as follows [30]:
(a) If we suppose that ξ is symmetric, then the Sasaki lift ξ s of ξ is deﬁned as follows:{
ξ s
(x,u)(X
h, Yh) = ξ(u; X, Y ), ξ s
(x,u)(X
h, Y v ) = 0,
ξ s(x,u)(X
v , Yh) = 0, ξ s(x,u)(Xv , Y v) = ξ(u; X, Y ),
for all X , Y ∈ Mx . If ξ is non-degenerate and positive deﬁnite, then the same holds for ξ s .
(b) The horizontal lift ξh of ξ is a pseudo-Riemannian metric on TM which is given by:{
ξh(x,u)(X
h, Yh) = 0, ξh(x,u)(Xh, Y v) = ξ(u; X, Y ),
ξh (Xv , Yh) = ξ(u; X, Y ), ξh (Xv , Y v) = 0,(x,u) (x,u)
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(c) The vertical lift ξ v of ξ is a degenerate metric on TM which is given by:{
ξ v
(x,u)(X
h, Yh) = ξ(u; X, Y ), ξ v
(x,u)(X
h, Y v ) = 0,
ξ v(x,u)(X
v , Yh) = 0, ξ v(x,u)(Xv , Y v ) = 0,
for all X , Y ∈ Mx . The rank of ξ v is exactly that of ξ .
If ξ = g is a Riemannian metric on M , then the three lifts of ξ just constructed coincide with the three well-known
classical lifts of the metric g to TM .
Let (M, g) be non-oriented. Then it is known that all natural F -metrics are of the form
F (u; X, Y ) = α(‖u‖2)g(X, Y )+ β(‖u‖2)g(X,u)g(Y ,u),
where α(t), β(t) are smooth functions on [0,+∞) and ‖u‖ = √g(u,u) (see [28] and [7]). The three lifts above of natural
F -metrics generate the class of g-natural metrics on TM (cf. [30] and [7] for the classiﬁcation and the deﬁnition of g-natural
metrics).
2. g-natural metrics on tangent sphere bundles
Let r be a positive number. Then the tangent sphere bundle of radius r over a Riemannian manifold (M, g) is the hypersur-
face TrM = {(x,u) ∈ TM | gx(u,u) = r2}. The tangent space of TrM , at a point (x,u) ∈ TrM , is given by
(TrM)(x,u) =
{
Xh + Y v | X ∈ Mx, Y ∈ {u}⊥ ⊂ Mx
}
. (2.1)
When r = 1, T1M is called the unit tangent (sphere) bundle.
On tangent sphere bundles, the restrictions of g-natural metrics from TM to TrM will be called g-natural metrics on TrM .
They possess a simple form.
Theorem 1. Let r > 0 and (M, g) be a Riemannianmanifold. For every g-natural metric G˜ on TrM induced from a g-natural G on TM,
there exist four constants a, b, c and d, such that G˜ = ag˜s + bg˜h + c g˜v + dk˜v , where
• k is the natural F -metric on M deﬁned by
k(u; X, Y ) = g(u, X)g(u, Y ), for all (u, X, Y ) ∈ TM ⊕ TM ⊕ TM,
• g˜s , g˜h , g˜ v and k˜v are the metrics on TrM induced by gs, gh, gv and kv , respectively.
Proof. It is known from [1] that, for any g-natural metric G on TM , there are smooth functions αi , βi :R+ →R, i = 1,2,3,
such that⎧⎪⎪⎪⎨⎪⎪⎪⎩
G(x,u)(Xh, Yh) = (α1 + α3)(r2)gx(X, Y )+ (β1 + β3)(r2)gx(X,u)gx(Y ,u),
G(x,u)(Xh, Y v) = α2(r2)gx(X, Y )+ β2(r2)gx(X,u)gx(Y ,u),
G(x,u)(Xv , Yh) = α2(r2)gx(X, Y )+ β2(r2)gx(X,u)gx(Y ,u),
G(x,u)(Xv , Y v) = α1(r2)gx(X, Y )+ β1(r2)gx(X,u)gx(Y ,u),
(2.2)
where r2 = gx(u,u).
Fix (x,u) ∈ TrM (i.e., ‖u‖ = r). If we consider the metric G˜ on TrM induced by G , and we take into account that the
tangent space of TrM , at a point (x,u) ∈ TrM , is given by (2.1), then G˜(x,u) is completely characterized by the identities⎧⎪⎨⎪⎩
G(x,u)(Xh1, X
h
2) = (α1 + α3)(r2)gx(X1, X2)+ (β1 + β3)(r2)gx(X1,u)gx(X2,u),
G(x,u)(Xh1, Y
v
1 ) = α2(r2)gx(X1, Y1),
G(x,u)(Y v1 , Y
v
2 ) = α1(r2)gx(Y1, Y2),
(2.3)
for all X1, X2 ∈ Mx and Y1, Y2 ∈ {u}⊥ . Since the norm of any element of TrM is a constant equal to r, then G˜(x,u) depends
on four constants. We put a = α1(r2), b = α2(r2), c = α3(r2) and d = (β1 +β3)(r2). It follows from (2.3) that G˜ = ags +bgh +
cgv + dkv on TrM , where a, b, c and d are constant, and hence the theorem follows. 
Riemannian g-natural metrics on TrM are characterized by:
Proposition 1. Let r > 0 and (M, g) be a Riemannian manifold. Let G˜ = ag˜s + bg˜h + c g˜v + dk˜v be an arbitrary g-natural metric on
TrM, where a, b, c and d are real constants. Then G˜ is Riemannian if and only if the inequalities
a > 0, a(a + c)− b2 > 0 and a + c + dr2 > 0 (2.4)
hold.
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of (TrM)(x,u) . The corresponding matrix of the metric components is given, according to the formulas (2.3), in the form⎛⎝aIm−1 bIm−1 0bIm−1 (a + c)Im−1 0
0 0 a + c + dr2
⎞⎠ .
Now, G˜(x,u) is Riemannian if and only if principal minors of the preceding matrix are all strictly positive or, equivalently, if
and only if the inequalities a > 0, a(a + c)− b2 > 0 and a + c + dr2 > 0 hold, and hence the proposition follows. 
Important remark. A g-natural metric G˜ on TrM is Riemannian if and only if (2.4) hold, but this does not mean that G˜
is induced from a Riemannian g-natural metric G on TM . More precisely, G˜ is induced by a Riemannian g-natural metric
on TM if and only if the inequalities a > 0, a(a + c) − b2 > 0 and a(a + c + dr2) − b2 > 0 hold. Indeed, if G˜ is induced by
a metric G on TM of the form (2.2), then, without loss of generality, G can be chosen such that α1 = a, α3 = c, α2 = b,
β1 = β2 = 0 and β3(r) = d. Using the characterization for g-natural metrics on TM as Riemannian metrics (cf. [9]), G is
Riemannian if and only if a > 0, a(a + c) − b2 > 0 and a(a + c + tβ3(t)) − b2 > 0, for all t ∈R+ . A restriction to these last
inequalities to TrM give the required inequalities a > 0, a(a + c)− b2 > 0 and a(a + c + dr2)− b2 > 0.
Now, generally speaking, a Riemannian g-natural metric G˜ is induced by
• a Riemannian g-natural metric on TM if and only if a(a + c + dr2)− b2 > 0;
• a pseudo-Riemannian g-natural metric of signature (2m − 2,1) on TM if and only if a(a + c + dr2) = b2;
• a degenerate g-natural metric of signature (2m − 2,0) on TM if and only if a(a + c + dr2)− b2 < 0.
Let (e1, . . . , em) be an orthonormal frame ﬁeld deﬁned on an open set U ⊂ M , and let (x1, . . . , xm) be a local coordinate
system on U . We deﬁne a local coordinate system (x1, . . . , xm,u1, . . . ,um) on p−1(U ) as follows:
xi(x,u) = xi(x), ui(x,u) = ui, (x,u) ∈ p−1(U ), where u =
∑
i
uiei(x).
We denote with Γ ij the local 1-forms deﬁned by
∇Xei =
∑
j
Γ
j
i (X)e j .
Then the covariant differential of ui can be written as
∇ui = dui +
∑
j
u j p∗
(
Γ ij
)
.
Denoting by ei the 1-forms on U deﬁned by ei(ek) = δik , then (eh1, . . . , ehm, ev1 , . . . , evm) is a frame ﬁeld on p−1(U ), whose dual
coframe is given by
p∗e1, . . . , p∗em,∇u1, . . . ,∇um. (2.5)
It is easy to see that
Proposition 2. For each neighborhood U ⊂ M and with respect to any dual coframe (2.5) on p−1(U ), the g-natural metric G =
a.gs + b.gh + c.gv + d.kv is written on p−1(U ) ⊂ TM in the form
(a + c)
m∑
i=1
(
p∗ei
)2 + d( m∑
i=1
ui
(
p∗ei
))2 + a m∑
i=1
(∇ui)2 + 2b m∑
i=1
p∗ei∇ui . (2.6)
Proof. Using formula (2.3) and the notation below it, we get easily G(ehi , e
h
j ) = (a + c)δi j + duiu j , G(ehi , evj ) = bδi j
and G(evi , e
v
j ) = aδi j , i, j = 1, . . . ,m. The result follows then since the coframe (2.5) is dual to the local frame
(eh1, . . . , e
h
m, e
v
1 , . . . , e
v
m) on p
−1(U ) ⊂ TM . 
3. Riemannian invariant metrics on the Stiefel manifold V2Rm+1
In this section we shall use occasionally some arguments from the paper [26] by M. Kerr. Let O+(Sm) denote the bundle
of positive orthonormal frames on Sm , and let v0 = (e0, e1, . . . , em) denote the canonical orthonormal frame on Rm+1. Then
v0 ∈ O+(Sm). We denote by θ = (θ1, . . . , θm) the canonical 1-form on O+(Sm), and by ω = (ωij) the connection form
on O+(Sm).
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θ¯ i = σ ∗v0θ i, i = 1, . . . ,m, (3.1)
ω¯ij = σ ∗v0ωij, 1 i < j m, (3.2)
are left-invariant and linearly independent 1-forms, therefore they are Maurer–Cartan forms of SO(m + 1) [38, p. 13].
Consider the homogeneous space SO(m+ 1)/SO(m− 1) which is naturally diffeomorphic to the Stiefel manifold V2Rm+1.
The canonical reductive decomposition of the Lie algebra so(m + 1) is given by
so(m + 1) = so(m − 1)⊕ m,
where so(m+1) is the Lie algebra of all (m+1)×(m+1)-skew symmetric matrices, so(m − 1) is the subalgebra of so(m+1)
consisting of all matrices of the form(0 0 0
0 B 0
0 0 0
)
,
where B is a skew-symmetric matrix of degree m − 1, and m is the subspace of all matrices of the form( 0 tξ γ
−ξ 0 η
−γ −tη 0
)
,
where ξ and η are (column) vectors in Rm−1 and γ is a real number. The subspace m is invariant with respect to Ad(SO(m−
1)), and the adjoint representation of SO(m − 1) in m is given by
Ad
(1 0 0
0 B 0
0 0 1
)( 0 tξ γ
−ξ 0 η
−γ −tη 0
)
=
( 0 t(Bξ) γ
−Bξ 0 Bη
−γ −t(Bη) 0
)
;
in other way, it is essentially the action of SO(m − 1) on Rm−1 ×Rm−1.
Convention 1. Consider now the projection π2 : SO(m+1) → SO(m+1)/SO(m−1). Because so(m+1) can be identiﬁed with
the tangent space of SO(m + 1) at Im+1, the subspace m can be identiﬁed with the tangent space of SO(m + 1)/SO(m − 1)
at π2(Im+1). Because m is SO(m − 1)-invariant via the adjoint representation, then m gives rise to an SO(m + 1)-invariant
distribution D on SO(m + 1)/SO(m − 1). Now, every left-invariant quadratic differential form H on SO(m + 1) induces an
SO(m − 1)-invariant quadratic form on m and hence its restriction to the invariant distribution D determines an SO(m + 1)-
invariant quadratic differential form on SO(m + 1)/SO(m − 1). We shall call the new quadratic form brieﬂy the projection
of H to SO(m + 1)/SO(m − 1). Obviously, applying the cotangent map π∗2 to the projection of H we restore the original
quadratic form H .
Now, if we take the dual basis {E¯k, E¯ ji } of {θ¯k, ω¯ij}, then any left invariant vector ﬁeld X on SO(m + 1) can be written in
the form
X =
∑
i
θ¯ i(X)E¯ i +
∑
i< j
ω¯ij(X)E¯
j
i .
This gives an isomorphism XL(SO(m + 1)) χ−→ so(m + 1), X →
( A tξ
−tξ 0
)
, where A = (ω¯ij(X)), tξ = (θ¯1(X), . . . , θ¯m(X)). Up to
this isomorphism χ , m is the subspace generated by the vectors E¯k; k = 1, . . . ,m and E¯mi ; i = 1, . . . ,m − 1.
If we denote by B the Killing form of SO(m + 1), then, under the identiﬁcation χ above, the matrix − 12m B corresponds
to an Ad(SO(m + 1))-invariant metric on SO(m + 1), which corresponds to the quadratic form g¯ = ∑i(θ¯ i)2 +∑i< j(ω¯ij)2
on so(m + 1).
It is easy to see that g¯ restricted to m is given by
g¯m =
∑
i
(
θ¯ i
)2 +m−1∑
i=1
(
ω¯mi
)2
, (3.3)
that is, it is no other than the standard inner product on the vector space m, with respect to the basis {E¯k, k =
1, . . . ,m; E¯mi , i = 1, . . . ,m − 1}.
On the other hand, with respect to g¯ , m is orthogonal to so(m − 1). We decompose m into its irreducible components
under the adjoint action of SO(m − 1), obtaining
m = p1 ⊕ p0 ⊕ p2 (3.4)
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unique: p1  p2  ρm−1, ρm−1 being the standard (m − 1)-dimensional representation of SO(m − 1). This is an orthogonal
decomposition, so the space of intertwining maps is 1-dimensional and generated by the isometry m → m given, with
respect to the previously chosen naturally ordered basis for p1 ⊕ p0 ⊕ p2, by the matrix( 0 0 Im−1
0 1 0
−Im−1 0 0
)
.
This implies that every Ad(SO(m + 1))-invariant inner product on m can be expressed in the form 〈U , V 〉 = g¯(PU , V )
(∀U , V ∈ m), where P is a positive deﬁnite matrix of the form
P =
⎛⎝ x1 Im−1 0 x3 Im−10 x0 0
x3 Im−1 0 x2 Im−1
⎞⎠ , where x j ( j = 0,1,2,3) are parameters. (3.5)
Here naturally x0, x1, x3 > 0 and x1x2 − (x3)2 > 0 (see [26] with a minor modiﬁcation). Further, choose a general element
U =∑m−1i=1 ξi E¯ i + γ E¯m +∑m−1i=1 ηi E¯mi ∈ m represented by the column (2m− 1)-vector ( ξγ
η
)
. Then
PU =
⎛⎝ x1ξ + x3ηx0γ
x3ξ + x2η
⎞⎠ ,
and calculating the inner product 〈U ,U 〉 = g¯(PU ,U ), where g¯ is the standard inner product on m ∼=R2m−1, we get
〈U ,U 〉 = x1
m−1∑
i=1
(ξi)
2 + x0γ 2 + x2
m−1∑
i=1
(ηi)
2 + 2x3
m−1∑
i=1
ξiηi .
We obtain ﬁnally that every Ad(SO(m+ 1))-invariant inner product on m is the restriction of the quadratic differential form
x1
∑m−1
i=1 (θ¯ i)2 + x0(θ¯m)2 + x2
∑m−1
i=1 (ω¯im)2 + 2x3
∑m−1
i=1 θ¯ iω¯im .
We can now introduce new parameters a, b, c, d by putting x0 = a + c + d, x1 = a + c, x2 = a, x3 = b. Then we deduce
the following
Proposition 3. Every Riemannian SO(m+ 1)-invariant metric on the Stiefel manifold V2Rm+1 = SO(m+ 1)/SO(m− 1) is the projec-
tion of the quadratic form
(a + c)
m−1∑
i=1
(
θ¯ i
)2 + (a + c + d)(θ¯m)2 + am−1∑
i=1
(
ω¯im
)2 + 2bm−1∑
i=1
θ¯ iω¯im, (3.6)
for a > 0, a(a + c)− b2 > 0 and a + c + d > 0, where θ¯ i and ω¯im are the Maurer–Cartan forms on SO(m + 1).
4. Proof of Main Theorem
In the sequel, we shall identify the group SO(m+ 1) with the group of orientation-preserving orthogonal transformations
of the space Rm+1 (equipped with its standard orthonormal frame v0 = (e0, e1, . . . , em)). Also, have in mind that each
element (x,u) ∈ T1Sm can be interpreted as an orthonormal pair of vectors of Rm+1 and each element (x;u1,u2, . . . ,um) ∈
O (Sm) can be interpreted as an orthonormal basis of vectors of Rm+1. Hence SO(m + 1) acts naturally on the bundles T1Sm
and O (Sm). Recall that the map ψm : O (Sm) → T1Sm is deﬁned by ψm(x;u1,u2, . . . ,um) = (x,um). Then we have on O (Sm)
the commutation identity
A ◦ψm = ψm ◦ A, ∀A ∈ SO(m + 1). (4.1)
It is easy to see that the action of SO(m+ 1) on T1Sm is transitive, and that the isotropy group at ψm(v0) = (e0, em) ∈ T1Sm
consists of all A ∈ SO(m + 1) such that Ae0 = e0 and Aem = em , i.e.,{
A =
(1 0 0
0 B 0
0 0 1
)
∈ SO(m + 1), B ∈ SO(m − 1)
}
.
We denote this subgroup by SO(m − 1). We have thus a diffeomorphism f : SO(m + 1)/SO(m − 1) → T1Sm . Let π2 : SO(m +
1) → SO(m+1)/SO(m−1) be the natural projection and σv0 : SO(m+1) → O+(Sm) be the embedding deﬁned by σv0(A) :=
Av0 for all A ∈ SO(m + 1). Then we deduce easily the second commutation formula
f ◦π2 = ψm ◦ σv0 . (4.2)
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SO(m + 1) σv0
π2
O+
(
Sm
) π
ψm
Sm
SO(m + 1)/SO(m − 1) f T1Sm i T Sm
p (4.3)
We claim that for every real numbers a, b, c and d such that a > 0, a(a + c) − b2 > 0 and a + c + d > 0, the Riemannian
g-natural metric ag˜s + bg˜h + c g˜v + dk˜v on T1M corresponds, via the diffeomorphism f , to the projection of the quadratic
form (3.6) on the Stiefel manifold V2Rm+1 = SO(m + 1)/SO(m − 1).
Taking into account Proposition 2, we get
f ∗
(
ag˜s + bg˜h + c g˜v + dk˜v)= f ∗(i∗(ags + bgh + cgv + dkv))
= f ∗
(
i∗
(
(a + c)
m∑
i=1
(
p∗ei
)2 + d( m∑
i=1
ui
(
p∗ei
))2 + a m∑
i=1
(∇ui)2 + 2b m∑
i=1
p∗ei∇ui
))
.
Denote Π = i ◦ f ◦π2. Now it suﬃces to show that
Π∗
(
(a + c)
m∑
i=1
(
p∗ei
)2 + d( m∑
i=1
ui
(
p∗ei
))2 + a m∑
i=1
(∇ui)2 + 2b m∑
i=1
p∗ei∇ui
)
= (a + c)
m−1∑
i=1
(
θ¯ i
)2 + (a + c + d)(θ¯m)2 + am−1∑
i=1
(
ω¯im
)2 + 2bm−1∑
i=1
θ¯ iω¯im.
Remark, at ﬁrst, that the tangent map at π2(Im+1) of the map π2 is nothing but the projection so(m + 1) → m, with
respect to decomposition so(m + 1) = so(m − 1) ⊕ m, under the identiﬁcations SO(m + 1)Im+1  so(m + 1) and (SO(m +
1)/SO(m − 1))π2(Im+1)  m.
Now, to prove (4.4), let us calculate the effect of the map Π∗ on p∗ei , ∇ui and ∑mi=1 ui(p∗ei), restricted to m. For this,
let X ∈ m. Then (π2)∗X = X . Using (4.2), we can write
Π∗
(
p∗ei
)
(X) = ei((p ◦ i ◦ f ◦π2)∗(X))
= ei((p ◦ i ◦ψm ◦ σv0 )∗(X)). (4.4)
It follows that
Π∗
(
p∗ei
)
(X) = [(i ◦ψm)∗(p∗ei)]((σv0 )∗(X)). (4.5)
By the same way, we obtain
Π∗
(∇ui)(X) = [(i ◦ψm)∗(∇ui)]((σv0 )∗(X)). (4.6)
But if we denote by ΦU the SO(m)-valued function on π−1(U ) deﬁned by (ΦU )ij(v) := g(ei(x), v j), for all v =
(x, v1, . . . , vm) ∈ π−1(U ), then we have, according to [38, pp. 12–13],
(i ◦ψm)∗
(
p∗ei
)=∑
j
(ΦU )
i
jθ
j, (4.7)
(i ◦ψm)∗
(∇ui)=∑
j
(ΦU )
i
jω
j
m, (4.8)
(i ◦ψm)∗ui = ui ◦ i ◦ψm = (ΦU )im. (4.9)
Hence, using (4.7), (4.9) and the fact that ΦU is SO(m)-valued, we obtain
(i ◦ψm)∗
(∑
i
ui
(
p∗ei
))= θm. (4.10)
On the other hand, if we denote by p1 and p2 the canonical projections of the tangent bundles of O+(Sm) and SO(m + 1),
respectively, then we have a commutative diagram
T
(
SO(m + 1)) (σv0 )∗
p2
T
(
O+
(
Sm
))
p1
SO(m + 1) σv0 O+
(
Sm
) (4.11)
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formula (4.4)), then for every X ∈ m,
p1
[
(σv0 )∗(X)
]= σv0(p2(X))= σv0 (Im+1) = v0. (4.12)
Now, substituting from (4.7) into (4.5) and using (4.12) and (3.1), we obtain
Π∗
(
p∗ei
)
(X) =
[∑
j
(ΦU )
i
jθ
j
](
(σv0 )∗(X)
)
=
∑
j
(ΦU )
i
j(v0)
[
(σv0 )
∗θ j
]
(X)
=
∑
j
(ΦU )
i
j(v0)θ¯
j(X) = θ¯ i(X),
since (ΦU )ij(v0) = g(ei, e j) = δij . It follows that
Π∗
(
p∗ei
)= θ¯ i . (4.13)
Further, substituting from (4.8) into (4.6) and using (4.12) and (3.2), we obtain
Π∗
(∇ui)= ω¯im. (4.14)
By a direct calculation using (4.10), we obtain
Π∗
(∑
i
ui
(
p∗ei
))= θ¯m. (4.15)
Hence the identity (4.4) follows from (4.13)–(4.15) and the fact that ω¯mm = 0, and our claim is proved in any coordi-
nate neighborhood. Because the formula (4.4) is independent of the choice of a coordinate neighborhood and of a local
orthonormal frame, it deﬁnes a global correspondence between our classes of metrics.
Now, Main Theorem follows from (4.4), Theorem 1, Propositions 1 and 3.
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